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Abstract. - The conditions for occurrence of the Efimov effect is briefiy described using 
hyperspherical coordinates. The strength of the effective hyperradial potential appearing 
for two or three large scattering lengths is computed and discussed as function of two indepen- 
dent mass ratios of the three constituent particles. The effect is by far most pronounced for 
asymmetric systems with three very different masses. One Efimov state may by chance appear 
in nuclei. Many states could be present for systems with one electron and two neutral atoms 
or molecules. Estimates of the number of states and their sizes and energies are given. 



Introduction. - More than 30 years ago Efimov realized that a three-body system could 
have a large number of bound states when two or three of the two-body subsystems simultane- 
ously have (virtual or bound) s-states sufficiently close to zero energy ^ . This effect has been 
discussed in a number of subsequent publications |2l3l4l5j . External fields can be used to tune 
the effective two-body interaction aiming at approaching the zero energy condition [HIEIIHI ■ 

The picture describing the Efimov effect is that one particle effectively has large-distance 
interaction simultaneously with both the other two particles building up a coherent wave 
function fully exploiting the interactions. When only one scattering length is large the effect 
does not occur since the effective large-distance interactions only involve two of the particles 
while the third can avoid contributing by being far away without interacting. 

The atomic helium trimer system is usually considered to be the most promising candidate 
for naturally occurring Efimov states |9ll0j . It has so far escaped direct experimental detection 
Other systems may however be much better candidates possibly with many Efimov 
states. The purpose of this letter is to pin-point both the class of best suited candidates and 
the crucial properties optimizing the occurrence conditions. 

Basic properties. - The hyperspheric adiabatic expansion combined with the Faddeev 
decomposition of the wave function has proven very efficient for investigations of weakly 
bound and spatially extended three-body systems [H]. Efimov states can then be computed 
and without loss of generality even with the simplifying restriction that the potentials act 
only on s- waves which are the only contributors at the asymptotic large distances 0]. 

The hyperradius p defined by 

TO/O^ = -^^'7ijmfe(ri -rk)^ , (1) 

i<k 
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where rrii is the mass, ri the coordinate of particle z G {1, 2, 3} and m is an arbitray normahza- 
tion mass. Thus p is a measure of the average size of the system. After solving the eigenvalue 
problem for the remaining (angular) coordinates the method provides a hyperradial equation 
with mass m and an effective potential U (p) , which for intermediate distances of p has the 
simple form 

re + 1/4^ 

2m \ 



Uip) = ( 2 ) ' Re<P<aa,, (2) 



where ^ is a positive or negative constant depending on the interactions and the average 
effective range Re and average scattering length Uav will be defined later. This potential has 
the generic form for the Efimov states. 

At distances smaller or comparable with the interaction ranges U{p) is more complicated 
and generally without divergence as p~^. This small distance region provides the scale for the 
energies of the possible Efimov states and is otherwise completely unimportant for spatially 
extended states. At distances larger than the scattering lengths the potential has the form 0] 

X _ 16 -s-^ ^/Pikaik _ h'^ 48 Ugy , , 

where the reduced mass is pik — mimk/{mi + mfe), the s-wave scattering length is aik for 
system ik, and the average scattering length is defined as 

— /pikaik . (4) 



' 3 ^ 

i<k 

When all three particles are identical the expression for Uav reduces to the common value of 
aik- 

The Efimov states are found at intermediate distances as solutions corresponding to the 
potential U{p) in eg.©. The wave function is Ki^{Kp), where K is the modified Bessel 
function with an imaginary index and the binding energy is B = r?K^I{2ra). By expansion 
of K for small and large values of p the radial wave function /„ is |5] 

/„ cx Vpsin ^^ln(-^)^ for Kp < 1 , (5) 
/„ oc exp(— Kp) for Kp > 1 , (6) 

where the zero point for the first oscillation in p is assumed to be R^, which in analogy to 
eq.Q roughly could be defined as 

\/2 

i<k 

reducing to the common two-body effective radius Rik when all particles are identical. The 
form of the wave function in eq.ljSj) is easily found by confirming that /n(p) oc ^/pp^^^^'^ is a 
solution to the Schodinger equation with the potential in eq. (0) valid at intermediate distances 
where the energy term can be neglected. The exponential decrease at large distance occurs 
for all bound states for distances Kp larger than 1, where the effective radial potential falls off 
at least as fast as p~^. 
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Thus /„ oscillates periodically as sin(^lnp). The number of Efiniov states Ne corre- 
sponds then to the number of oscillations between the average interaction range Re and 
A8aav/{nV2) w llaav, i-e. 

iV.-|ln(ii^) . (8) 
The energies and sizes of these states are related by 



"+1 _ 27rn/^ 



En+1 



e2'^"/« , (9) 



which reveals the exponential increase of sizes towards infinity and decrease of energies towards 
zero, respectively. This behavior originates from the generic l/p^ potential in eq. (0). 

Strength of the potential. - The all decisive parameter ^ must now be determined for 
systems where Efimov states may occur. At least two of the three scattering lengths must be 
large. The formal analysis in ^ leads to trancendental equations for ^. For identical bosons 
we obtain the usual Efimov equation rewritten with real quantities, i.e. 

8 sinh(^7r /6) = ^Vs cosh(^7r /2) (10) 

with the solution ^ ~ 1.0063. The result is independent of the mass of the particles. 

For non-identical bosons, still when all three scattering lengths are large, we find instead 

e cosh(C7r/2) ^ ' ^ cosh(e7r/2) (/f + /I + /I) _ 2 = , (11) 



2F J 2F F2 

where F = (/i/a/a)^/' and 



smh(^(7r/2 - ifk)) , . 

Jk — r-77: — T , U^j 

sm(2.^fe) 



^ arctan ( h^i^^ + ^2 + m,)\ 
\\j mirrij ) 

In general the solution ^ then depends on two ratios of masses, e.g. m^jvnx and m^/mi. 
When all masses are equal {^pk = 7r/3, fi~F~ 2sinh(^7r/6)/-\/3) eq. (fTT|l reduces to three 
simpler equations 

C\/3cosh(^7r/2) r 2 



4sinh(e7r/6) i ±1 ' ^^^^ 

where 2 on the right hand side produce eq. (|10|l while ^ = is the only real solution for ±1. 

When only the two scattering lengths ajk and Uik (not ay) are large the Efimov equation 
for ^ becomes 

^ cosh(f 7r/2) sin(2(^fc) = 2 sinh(e(7r/2 - ipk)) , (15) 

where the solution now only depends on the angle tpk varying between and tt/2. Still ipk in 
eq. H13() in turn depends on the above two mass ratios. 

The conclusion is that the strength of the potential has to be found by solving eq. Hll(l 
when all scattering lengths are large and eq. (|15|l when only two scattering lengths are large. 
The Efimov effect does not occur when only one scattering length is large. Eq. (|10|l is the 
limit of eq. when all masses are equal. The parameters are the three angles ipk, which 
through eq. H13|l are functions of two independent mass ratios. 
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Fig. 1 - 3d plot of the strength parameter ^, obtained from eq. IIH when all three subsystems 
contribute, as function of the two mass ratios m2 /mi and ms /mi . 

We show in fig. the 3d plot of as function of these independent parameters. The 
smallest values slightly above 1 are found in a valley passing the symmetric point of three 
equal masses and extending towards one very large mass and one moderate mass ratio around 
unity. This case with two light masses and one heavy mass corresponds to the smallest ^ 
where the Efimov effect is least pronounced. 

On the other hand large values of ^ extending to infinity are obtained for two heavy and 
one light mass. This is seen in fig. ^ when both coordinates are large (mi ^ m2, mi <C m^, 
m2 ~ Tis), and along both axes when the other coordinate is very small (to2 <C mi <^ m^ and 
m3 <C mi <C m2). Thus moderate values of ^ arise for symmetric systems while exceedingly 
large strengths are possible for asymmetric systems. In all cases the assumption is that all 
three two-body subsystems simultaneously have an s-state close to the threshold of binding. 
This is most likely for a symmetric system of identical bosons where only one interaction is 
involved. 

For non-indentical particles two tuned subsystems is the least demanding to exhibit the 
Efimov effect. If furthermore two of the clusters are identical particles only one independent 
requirement of an s-state close to zero is left. In this case where only two subsystems contribute 
(two large scattering lengths) the strength ^ is found from eq. H15|l as function of the angle (pk 
corresponding to the subsystem with the small third scattering length. The result displayed 
in fig. 12 show the divergence as l/fk for tpk ^ and the linear convergence to zero as 
4(7r/2 — (/5fc)/(7r\/3) for (fk — > 7r/2. When all masses are equal (pk = 7r/3 and eq. fl^ reduces 
to eq. (fTn|l with the left hand side divided by two. The resulting solution ^ = 0.499 is roughly 
two times smaller than 1.0063 obtained when all three subsystems contribute. 

The angle (pk is a function of two mass ratios. When is much smaller than both the 
other masses (pk approaches zero and ^ is very large. When mk is much larger than at least 
one of the other masses (pk approaches tt/2 and ^ is very small. Thus extremely large ^ is only 
possible for two contributing subsystems when the particle k related to both these subsystems 
has a comparatively small mass. The Efimov effect occurs in all cases but is only pronounced 
for large ^. 

In fig. Owe show solutions to eq. 1)11(1 corresponding to three very large scattering lengths 
for a series of different mass ratios. The striking features are as described in connection 
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with fig. n that f is very small for one heavy and two light particles, relatively small for 
similar masses and huge for one light and two heavy particles. Comparing figs. El and 01 we 
conclude that the mass ratios determine the order of magnitude of the strength ^ whereas the 
contribution from the third subsystem is marginal. 

Possible examples. - Large values of ^ favor occurrence of (many) Efimov states, see 
eq. (IHI . It should be emphasized that at least two scattering lengths must be sufficiently large 
to allow the effect in the first place. An interaction in one two-body subsystem of longer 
range than the generic potential prohibits occurrence. For nuclei this leaves only two 
neutrons combined with a charged ordinary nucleus jQ. There might be a chance to produce 
one Efimov state but the second would not appear as illustrated by ^^Li (^Li+n + n) where 
^ w 0.074 according to eq. Q corresponds to an increase of the radius by a factor of 3 • 10^^. 

In atomic and molecular physics the possibilities are much better. For identical particles 
^ is mass independent. The molecular prototype is the atomic helium trimer ^He^ with an 
excited Efimov state of binding energy 0.18 ^eV and radius about 50 A. Correspondingly 
^ « 1.0063 and the radius increase between neighboring Efimov states is a factor of 22. Equal 
masses and only two contributing subsystems change this factor to about 542 implying that the 
radius of the second Efimov state then would exceed 1 /im. By far the most favorable case is 
one light and two heavy identical particles. One small step in this direction is the asymmetric 
helium trimer '^He'*He2 with one bound (pronounced halo) state of binding around 1 /ieV and 
radius about 13 A piH). 

Substituting one helium atom by an alkali atom reduces the two-body binding energy 
and produce spatially extended three-body systems like ^Li'^He^He and ^^Na^He2 with 
^ « 0.255,0.085 221- In ^Li'*He'^He we anticipate an Efimov state with a size larger than the 
50 A expected in ^Hcs. Other combinations with one helium and two alkali atoms are easily 
conjectured from the results in |TS]. For example ^He'^^Na2 and '^He^^'^Cs2 give ^ w 1.22, 2.75 
implying that the second Efimov state only is 13, 3.1 times larger than the first. 

Another type of combinations are even more favorable. One charge is allowed, since 
the destructive Coulomb- like long-range interaction still is not present. One electron and 
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Fig. 3 - The strength parameter ^ obtained from eq. Ijll^ as function of milm\ for the indicated 
m3,/m\ values. 



two identical atoms (or molecules) then maximize the ^- value. It is sufficient with a large 
scattering length for the two electron-atom (molecule) systems and if also the atom-atom 
(molecule- molecule) contributes the effect could be even larger. Then ^ could be as large as 
100 (electron-atom (or molecule) mass ratio < 10~^) and the radius increase per state from 
eq. © could be less than 5 %. The number of Efimov states within practical reach would 
increase dramatically while they still remain relatively stable |14| . 

However, this scenario requires a large electron-atom scattering length or equivalently an 
s-state energy very close to zero. Since the scattering length a at least should be larger than 
5-10 A the electron binding Tt? / {2mea^) should at least be smaller than 0.1 eV. This is an 
established fact for the bound negative ions Ca, Ti and Sr and furthermore a number of atoms 
(He, Be, N, Ne, Mg, Ar, Mn, Zn, Kr, Cd, Xe, Hg, Rn) cannot bind an electron although the 
distance from the threshold in general is unknown ■ 

The three-body system should now consist of the electron plus a pair of the above atoms 
chosen as close as possible to the threshold of s-state binding. Here ''He-l-e-l-^He is the 
obvious combination but unbound with respect to '*He2 leaving the possible Efimov states as 
excited states with a large decay probability. Substituting ^Li for one of the helium atoms 
reduces the atomic binding and "^He-l-e-l-^Li is then a promising candidate. Other examples 
like Mg-l-e-l-Mg, Mg-|-e-|-Ne, Mg-|-e-|-Ar, Mg-|-e-fKr and Mg-fe-l-Xe were investigated in ^JOj. 
Adding an electron to the weakly bound two-body systems Ar-Ar, Cd-Cd, Cl-Xe, Cs-Hg, 
He-Hg, Hg-Hg ^7], also present Efimov candidates, but pairs like H-H, Ca-Ca, Li-Li, Na-Na 
could be more suitable. 

Instead of atoms we could try to use molecules with very small electron binding, combining 
them pairwise and adding an electron, see |17II18| for candidates. If this should create Efimov 
states the internal structure of the molecules is not allowed to change within the pair. This 
might be possible but requires a separate investigation. 

The Efimov conditions of two zero energy subsystems can be fulfilled without lower lying 
bound two-body states, but it is much more probable to encounter systems where the state 
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of zero energy is an excited two-body state. The resulting Efimov states are clearly more 
unstable and their structure more difficult to study directly. However, signals should show 
up in scattering experiments "19''20'. The properties of the Efimov states are in any case 
determined by the scattering lengths and the size of ^ as discussed above. 

Conclusion. - The strength of the attraction in the effective hyperradial p^^ potential 
for three particles is for large scattering lengths determined by simple equations depending 
only on two independent mass ratios. We survey this mass dependence and provide informa- 
tion about favorable mass combinations. The larger the strength the more pronounced is the 
Efimov effect. The density of Efimov states increases with the square root of the strength 
which for existing mass combinations can vary by several orders of magnitude. Two con- 
tributing subsystems for one light and two heavy particles is much more favorable than three 
contributing subsystems with similar masses. Careful choices of the three particles can then 
simultaneously optimize the Efimov conditions of large strength and large scattering lengths. 
This may allow detection of several or many members in a series of Efimov states or alter- 
natively allow detection of the first Efimov state in cases when the conditions are less well 
fulfilled. We suggest a number of possible combinations of an electron and two neutral atoms 
or molecules, or alternatively one light atom and two heavy atoms or molecules. 

REFERENCES 

[1] Efimov V., Phys. Lett.B, 33 (1970) 563. 

[2] Adhikari S.K., FONSECA A.C. and Tomio L., Nucl. Phys. A, 26 (1982) 77. 

[3] Nielsen E., Fedorov D.V., Jensen A.S. and Garrido E., Phys. Rep., 347 (2001) 373. 

[4] Jensen A.S., Garrido E. and Fedorov D.V., Few-Body Systems, 22 (1997) 193. 

[5] Fedorov D.V., Jensen A.S. and Riisager K., Phys. Rev. Lett, 73 (1994) 2817. 

[6] Nielsen E., Fedorov D.V. and Jensen A.S., Phys. Rev. Lett, 82 (1999) 2844. 

[7] Kartavtsev O.I. and Macek J., Few-Body Systems , 31 (2002) 249. 

[8] Donley E.A. et al.. Nature, 412 (2001) 295. 

[9] Nielsen E., Fedorov D.V. and Jensen A.S., J. Phys. B, 31 (1998) 4085. 

[10] ESRY, B.D., Lin C.D. and Greene C.H., Phys. Rev. A, 54 (1996) 394. 

[11] TOENNIES J. P., private communication, (2002) . 

[12] Yuan J. and Lin C.D., J. Phys. B, 31 (1998) L637. 

[13] Kleinekathofer U., Lewerenz M. and Mladenovic M., Phys. Rev. Lett., 83 (1999) 4717. 

[14] Pen'kov F.M., Phys. Rev. A, 60 (1999) 3756. 

[15] Andersen T., Haugen H.K. and Hotop H., J. Phys. Chem. Data, 28 (1999) 1511. 

[16] ROBICHEAUX F., Phys. Rev. A, 60 (1999) 1706. 

[17] Khristenko S.V., Maslov A.L and Shevelko V.P., "Molecules and their spectroscopic prop- 
erties," Springer series on Atoms -f- Plasmas, eds. G. Ecker, P. Lambropoulos, LL Sobel'man, 
H. Walther., (1999) 

[18] RiENSTRA-KiRACOFE J.C. ET AL., Chem. Rcv., 102 (2002) 231. 

[19] Heller E.J., Phys. Rev. Lett, 77 (1996) 4122. 

[20] Nielsen E., Suno H. and Esry B.D., Phys. Rev. A, 66 (2002) 012705. 



